, n = 1, 2, . . . , each distinguishing a subgroup (namely that of all elements which are divisible by n).
As a by-product, we obtain some algebraic results supplementing Prufer's [5, 6, 7] and generalizing a theorem proved in [14] . We also extend to all torsion-free abelian groups A. Robinson's theorem [8, 3.1.5] in which modelcompleteness was proved for divisible torsion-free groups only.
The general case of all abelian groups will be left for a separate paper.
Terminology and notation.
We recall some definitions from [10] and [11] , with only minor adjustments. [p] , to be the maximum (possibly infinite) number of elements that can be selected from A in such a manner that they are mutually incongruent modulo p. (As usual, we write a == b (mod p) in A ("a is p-congruent with 6") if and only if there is an element x 6 A such that a = px + b. If b = 0, i.e. a = px, we say that a is divisible by p (or p-divisible) in A.) Equivalently, [p] A is the order of the quotient group A/pA where pA is the subgroup of all elements divisible by p in A. In the infinite case, we set [p] = oo , without distinguishing between infinities of different cardinalities, and with the usual conventions as to inequalities and operations. If p is a prime, [p] is called a prime invariant of A.
Given an abelian group A and a positive integer p, we define the p-th congruence invariant of A, denoted [p]A or briefly

A linear system is any finite system of equations, inequalities (^), congruences and (or) incongruences of the form
n n X) QijXj = du X) Qk/xj = a k ' (mod r*'), i, k = 1, 2, . . .
(with = and = possibly replaced by ^ and ^, respectively) where q ijy q kare given integers; the Xj are unknowns; r k ' are positive integers; and a u a k are given elements of an abelian group A. The a u a k are called the constants of the system. Given two linear systems L and L', with constants in A, we say that Z/ is stronger than L (and L is weaker than L f ) if every solution of 1/ is also a solution of L. If L' is both weaker and stronger than L, the two systems are said to be equivalent.
As usual, a subgroup A § oî
A is said to be pure or serving in ^4 if, for any positive integer r and any a Ç io, the congruence a = 0 (mod r) holds in yl 0 whenever it holds in ^4.
Some algebraic lemmas.
We shall need a few purely algebraic lemmas. In all of them A is a torsion-free abelian group ^ {0}. 
n +\ and the induction is complete.
Our remaining lemmas deal with linear systems, as defined above. While the theory of linear equations and congruences in abelian groups is well established (cf. [5; 6; 7] ), little has been done about systems in which also incongruences occur along with congruences (to be satisfied simultaneously). It is, however, this kind of system which is important for our purposes. The somewhat arduous lemmas proved below fill this gap, for torsion-free groups. The basic idea in these lemmas is to replace incongruences by stronger congruences in such a manner that the arising stronger linear system (containing no incongruences) is still solvable. It then follows that the original weaker system is solvable a fortiori. 
Proof. Suppose that some pt = p occurs in one or several incongruences (2.3.2); say, in the first n of them: 
Let L be a system of that form, with a solution x = c 0 in A. We have to show that L is solvable in AQ, also. As A is torsion-free, we may assume that each q t is prime to the corresponding r t (otherwise, reduce by the common divisor d of r t and q it noting that a t too must be divisible by d in both A and A 0 (by purity), since L does have a solution). Then (cf. [1, p. 23]) each congruence (hence also each incongruence) in L transforms into one in which q t = 1, and at is replaced by some na t G A 0 . Thus we may assume that all q t equal 1, from the outset.
Moreover, every congruence, x = a (mod r), is equivalent to a system of the form x = a (mod pj k 0,j = 1, . . . , &, where r = p ± kl . . . p h kh is the primepower decomposition of r. With the same notation, an incongruence, x ^ a (mod r), is equivalent to a disjunction composed of the incongruences x ^ a (mod £/')• (I n other words, the incongruence x ^ a (mod r) holds for some x if and only if x satisfies at least one of the incongruences x ^ a (mod £/>)• Thus, as x = to is a solution of L, 0n£ such incongruence (at least) holds for x = ^o, and it implies x ^ a (mod r). Hence, substituting that incongruence for x ?£ a (mod r), we only strengthen L, retaining the solution x = c 0 . By applying this replacement process to all of (2.4.1) and (2.4.2), we thus replace L by a stronger system L' of the form (2. This congruence is stronger than the incongruence x ?£ a i0 (mod t i0 ) occurring in U ; for, since c 0 satisfies both, x = eo implies x = c 0 , hence x ^ &* 0 (modulo t i0 ). Thus, replacing that incongruence by (2.4.3), we only strengthen U, retaining the solution x -c 0 . In this manner we remove from U all incongruences (2.3.2) in which [p t ] < oo , and then are left with a stronger system L" satisfying 2.3(c). Moreover, the existence of a solution x = c Q easily implies that every congruence in L" is stronger than any other congruence or incongruence in which the same prime pi occurs with a smaller or equal exponent k t . These weaker congruences and incongruences may then be dropped from L", without affecting any of its solutions in A or A Q (the latter, by the purity of Ao). After this removal, L" satisfies (in A as well as in Ao) the conditions (a), (b), (c) of 2.3, and its constants are still in AQ. Thus L" (hence also the weaker original system L) has a solution in A 0 . This proves the Lemma.
Note. The assumption [p]A = [p]Ao
was only used in the last part of the proof, to remove incongruences from L. Thus it is redundant if L contains no incongruences. The same remark applies to Propositions 2.6 and 3.7 below, based on 2.4.
LEMMA. For a subgroup Ao to be closed in A, with respect to all linear systems L, it suffices that A 0 be closed with respect to those L which contain no equations (only inequalities, congruences and (or) incongruences).
This was proved in [14, 3.9] , for ordered groups. The same proof also applies to unordered torsion-free groups, so we omit it.
Given Co £ A, we define the Co-extension of a subgroup A 0 ^ A to be the subgroup of all elements x G A that satisfy equations of the form tx = sc () + b, with b Ç Ao and t, s integers (t > 0). As is known, it is the smallest pure subgroup of A containing both Ao and c 0 . As L has no equations, this process yields a set of (true) formulae, of the form : To achieve this, we use (2.6.1°) to eliminate Xi, . . . , x n from L!, leaving only one unknown x 0 . Then we replace equations 2.6.1° by a set of exactly n congruences, SjX 0 + bj = 0 (mod tj), j = 1, . . . , n, with s jy t jy b 3 -as before. This yields a linear system L" in one unknown x 0 only; L" consists of the now added congruences, and of (2.6.2)-(2. for if a G A 0 is a solution, so also is any element of the form a + rz where z G A § and r is a common multiple of all r( and all (non-zero) k t occurring in (2.6.3) and (2.6.4). Thus some of these solutions must also satisfy the (finitely many) inequalities (2.6.2). This yields a solution of all of L" in A 0 , as required. Thus the lemma is proved.
Lemma 2.6 concludes the preliminary algebraic part of this paper. We now pass to the metamathematical part, with the aim of proving the modelcompleteness theorem (Theorem 3.6). [10] , we formalize the concept of an abelian group ^ {0} by a system of axioms in the lower predicate calculus (LPC), based on two atomic relations: the binary relation E(x,y) (read: "x is equal to y"), and the ternary relation S(x,y,z) (read: "z is the sum of x and y"). For model-completeness, our language will also include certain unary atomic relations D n (x), n = 1, 2, . . . (see below). We write 11 ~ ", "A", "V", "O •" and "• = ." for "not", "and", "or", "implies" and "is logically equivalent", respectively. "(3%)" and "(#)" are the existential and the universal quantifiers.
The model-completeness theorem. As in
AXIOMS OF EQUALITY (or EQUIVALENCE):
(a) (x)E(XjX).
(b) (x)(y)[E(x,y).D.E(y,x)]. (c) (x)(y)(z)[E(x,y)
A
GROUP AXIOMS: (a') (x)(y)Qz)S(x,y,z). (W) (x)(y)(z)(w)[S(x,y,z) A S(x,y,w) O-E(z,w)]. (c') (x)(y)(z)[S(x,y,z)
0-S(y,*,*)]-(d') (w)(w)(w)(x)(y) (2) (e') (w)(y)(w)(x)(3;)(z) [5 , 
(^,?;,w) A E(u,x) A E(v,y) A E(w,z) •D-S(x,y,z)]. (f) (x)(y)Qz)S(x,z,y).
Here the axioms (a'), (b') express the fact that the group is closed under addition and that the sum is unique; axioms (c'), (d') give the commutative and associative laws; (e') expresses the substitutivity of the equality relation with respect to addition, and (P) ensures the existence of the inverse. To make the group torsion-free, we now add the following sequence of axioms (which, in ordinary language, state that nx -0 implies x = 0):
AXIOMS EXCLUDING TORSION:
The system of axioms introduced above (3.1 through 3.3) is neither complete nor model-complete, mainly because it does not specify the prime invariants (cf. 1.1) of the group under consideration. To achieve both completeness and model completeness, we first of all introduce a sequence of new atomic predicates D n (x) (read: "x is divisible by »"), and the following additional sequence of axioms: (It should be stressed that we treat Formulae 3.4 not as definitions, but as axioms, and the predicates D n as atomic ones in our language. It is the adjunc-tion of these atomic predicates that ensures the model-completeness of the system of axioms here constructed. In this respect, cf. also Note 1 below.) Next, we fix an arbitrary infinite sequence \m n ] where each m n is a nonnegative integer or oo, and add yet another sequence of axioms: 3.5. AXIOMS SPECIFYING THE PRIME INVARIANTS:
where {p n ) is the ascending sequence of all primes, and the [p n ] are the corresponding prime invariants of the group, which thus are specified by the formulae (3.5). It is understood that these formulae are only abbreviations of their formal representation in the LPC, as explained in [10, p. 233] .
Any system consisting of all these axioms (3.1 through 3.5), for some particular choice of the m n in 3.5., shall be called a system of axioms for a torsion-free abelian group with specified prime invariants. Clearly, there are exactly 2
Ko such systems, each corresponding to a particular choice of the sequence \m n }. We shall need some more definitions and facts from [10] .
A consistent system K of axioms in the LPC is said to be complete if, for every elementary statement X (i.e. one formulated in the LPC), either X or its negation, ~X, is deducible from K.
A statement Y is said to be primitive if it has the form
Y = GyOO^)... (3y n ) (Z)
where Z is a conjunction of atomic formulas (in our case, formulas of the form E(x, y), S(x, yj z) and D n (x)) and (or) their negations. Proof. Let A 0 be a model of K, and A its extension; so A 0 is a pure subgroup of A, by Note 2. Let F be a primitive statement true in A and defined in AQ, in terms of the atomic predicates E, S and D n , n = 2, 3, . . . .In ordinary language, Y means that a certain finite system of equations, inequalities, congruences and (or) incongruences of the form . . , n, for each prime p. Hence recalling that (3.6.1) has a solution (ci, . . . , c n ) in A n} and applying Lemma 2.6 successively n times, we infer that (3.6.1) has a solution in ^4 n _i, hence in A n _ 2 , in ^4 W _3, . . • , and in A 0 , as required. Thus K is model-complete. Its completeness now follows exactly as it was done for ordered groups in Theorem 4.6 of [10] . In fact, the system K is countable and contains no constants. We now use [14, Indeed, the proof given above works also with (3.6.1) replaced by any linear system L. Thus the conditions are sufficient. We omit the easy proof of their necessity.
Notes. (3) Theorem 3.6 contains Robinson's Theorems 3.1.5 and 4.3.2 in [6a] as special cases. To obtain them, one only has to choose the particular system K in which all m n in (3.5) are 0 (this yields the divisible case).
(4) Priïfer [5] showed that any pure subgroup A 0 of an abelian group A is closed in A, with respect to all systems of linear equations. For torsion-free groups, our Corollary 3.7 extends Priifer's result to all linear systems, as defined in §1. (Cf. the Note following Lemma 2.4.)
The completeness of K can also be expressed as follows: This is W. Szmielew's result when restricted to torsion-free groups, and simplified accordingly. Though this certainly falls short of the general theorem of W. Szmielew, the simplicity of the new proof seems to justify the singling out of this special case, treated here more simply and thoroughly than in [4] .
From Corollary 3.8 we obtain a classification of torsion-free abelian groups by their elementary properties, along the same lines as that of certain ordered groups, given at the end of classes. In other words, apart from elementarily equivalent "copies", there are exactly 2 Xo torsion-free abelian groups. The divisible case is only one of them (all divisible torsion-free abelian groups are elementarily equivalent). Our next corollary generalizes Theorem 6.1 of [14], proved there for cotmtable groups only. It may serve as an example of a useful application of metamathematical methods to algebra (where ordinary algebraic methods require much more effort). In fact, we have: 3.9. COROLLARY. Let A and B be two disjoint torsion-free abelian groups other
